Entanglement versus observables 
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A gênerai scheme to seek for the relations between entanglement and observables is proposée! 
in principle. In two-qubit Systems with enough gênerai Hamiltonian, we find the entanglement to 
be the fonctions of observables for six kinds of chosen state sets and verify how thèse functions be 
invariant with time évolution. Moreover, we demonstrate and illustrate the cases with entanglement 
versus a set of commutable observables under eight kinds of given initial states. Our conclusions 
show how entanglement become observable even measurable by experiment, and they are helpful 
for understanding of the nature of entanglement in physics. 
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Quantum entanglement lies at the heart of quantum 
mechanics and is viewed as a useful resource in quantum 
information and quantum computation 0. Recently, 
the relations between quantum entanglement and energy 
d, d, 0, [U as well as physical phenomena @ have at- 
tracted a lot of attentions from many physicists working 
in this area. Obviously, thèse studies and their conclu- 
sions are helpful to clearly understand the nature of quan- 
tum entanglement and effectively use it in the practical 
tasks of quantum information processing. 

Entanglement indeed relates closely with energy, in 
particular, for spin Hamiltonian Systems. However, their 
relation is not one to one from our point of view. We 
prefer to think that this fact indicates quantum entangle- 
ment versus quantum obsevables. This is the motivation 
and propose of our study in this letter. 

In fact, for a given state in a Hilbert space H spanned 
by ail {\i), i = 1, 2, • • • }, its entanglement is a function of 
(perhaps partial) density matrix éléments pij as follows 



E q = f({ Pij }). 



(1) 



When there exists a set of observables {O a , a = 1, 2, ■ • • } 
in the 7i, and corresponding eigenvectors and eigenvalues 
of any observable O a are, respectively, \v") and A" (i — 
1, 2, • • • ). Thus, without loss of generality, the given state 
can be expanded as 

p =£^-n>oi = E a S- ({/>*») K a X«" I- ( 2 ) 
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(3) 



If there are such a set of observables giving an équation 
System made of the above form équations with various a 
that we can solve this équation System to obtain ail /Oy 
appearing at Eq.JT]), that is, 



Thus, we can build the relation 



En = f 



9ij 



(•5) 



This is a gênerai scheme to seek for the relation between 
entanglement and observables in principle. It is clear 
that only if this relation is true for a set or a kind of 
states, it will be really useful and significant because, in 
the subspace of this set or this kind of states, quantum 
entanglement becomes observable. Particularly, it will be 
more interesting and important if this relation is invari- 
ant with time évolution and the involved observables are 
commutable each other. 

Now, let we give out six sets of states of two qubits 
with the above features and the following structures 



Pii ■=9i j ({o a ,{Xk}} 
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where we have used the Hermi and unit trace proper- 
ties of the density matrix. As to the positive conditions 
of them are also required. In order to clearly détermine 
their entanglement by negativity measure 0, @] , we as- 
sume ail diagonal cléments and x>i in thèse density ma- 
trices are not négative (négative Vi can be rewritten by 
absorbing its minus sign into e ±IQi ). It is easy to calcu- 
late their negativity 

Ni = M , N 2 = \v 2 \ , 

N 3 = y/dà + v$-d 3 , N 4 = y/ al + t%- eu, (12) 

^5 = y/4+vi-c 5 , N 6 = V&e + v%- b 6 . 

Introduce the spin tensor for two qubit Systems 

s^y — cr M ® <j v (p., v = 0, 1,2, 3), (13) 

where a® is 2 x 2 identity matrix and <Ji (i — 1, 2, 3) are 
the Pauli matrices. Thus, the total spin vector and its 
square read 

1 3 
Si = -(sio + soi), S 2 = J2 S i s i- ( 14 ) 

i=l 

Here, H is taken as 1 for simplicity. Denoting the expected 
value of an operator O in the state pi by (O)i, we can 
express the entanglement by the some components of spin 
tensor, that is 

Ni = y({sn)l + ((s 12 )l (15) 
N2 = y(su) 2 2 + (s 12 )l (16) 

^ - y('n)î+Mî+{s z )î+(s,h, a?) 

iV 4 = y(s n )l + {s 12 )l + (S z )l-{S z U, (18) 

^5 = y( Sll )l + ( Sl2 )l + (2-(SZ) 5 f + (S 2 ) 5 -2, (19) 

^6 = y( Sll )l + ( Sl2 n + (2-(S^ 6 ) 2 + (S\-2. (20) 

Therefore, the entanglement, for the given six kinds of 
state sets, can be expressed as the functions of some ob- 
servables. 

It is more interesting how thèse relations evolute with 
time. Without loss of generality, the gênerai Hamiltonian 
of two-qubit Systems can be written as 

3 3 

H = h^a^ <g ov = ^2 hpvSuv. (21) 

where /i M „ are real. Based on the facts that Hamilto- 
nian is made of the spin tensor and that entanglement 
can expressed as the spin tensor, it is not surprised that 
there exists the relation between entanglement and en- 
ergy. However, entanglement quantity and its évolution 



with time can not be well determined and described by 
only using energy from our point of view. 

It is easy to verify the sufficient conditions to keep the 
form invariance of time évolution of the above relations 
(|15I16[) under the following two kinds form of Hamiltoni- 
ans 

H[l] = h 30 S 30 + h 03 s a3 + fi (S12 - s 2 i) 

+.9i (su + s 22 ) + h 33 s 33 , (22) 
H[2] = h 30 s 3a + h 03 s a3 + f 2 (si2 + s 2 i) 

+92 (su - s 22 ) + h 33 s 33 . (23) 

In fact, the vérification process is standard and simple. 
We first expand the density matrix by using the basis 
made of the eigenvectors of chosen Hamiltonian and their 
conjugate vectors. Then, acting the time évolution op- 
erator (independent of time) on it, we can obtain the 
final density matrix at a given time. It is key matter 
to make the final state has the same structure as some 
Pi. Finally, we calculate its negativity. It is clear that we 
chose such Hamiltonians (|2"2l |2"3")) and following their sim- 
plifications (|2"6l) - (f3"Tj) in order to guarantee the required 
structure of final state. This is arrived at because thèse 
chosen Hamiltonians have appropriate eigenvectors and 
eigenvalues. The détails is omitted in order to save space. 

Similarly, we can verify that the relation (|17I18[) and 
(I19I20P have the form invariance of time évolution, rc- 
spectively, under H[l] and H [2]. 

It is more significant if, in the above the relations be- 
tween entanglement and observables, the involved ob- 
servables are commutable each other. Actually, this can 
be obtained by taking particular initial states. Firstly, 
let us set the initial state as 

|^) = sin0i|OO) +e" iQl cos0i|ll). (24) 

Obviously, it is entangled and will evolute to the first 
kind pi. Its negativity reads 

N^{t) = \^l-{S z ) 2 {t)- (25) 

It is both formally invariant and numerically conversed 
for the time évolution with H[l], that is, iV^(O) = N^(t). 
While under H[2], it only keeps invariance in form, but 
the conversation is broken in gênerai. In order to under- 
stand how entanglement evolute, we chose two simplified 
forms of H [2] 

H[2, 1] = (<T 3 (g) cr - cr <8> cr 3 ) 

+.92 (ci ® ai - <7 2 ® cr 2 ) + h 2 a 3 (g) £73,(26) 

H[2, 2} = -w 2 (0-3 ® CT - £7 ® (7 3 ) 

+h ® CT 2 + C7 2 ® £7i ) + h 2 a 3 (g) (73.(27) 

Then, let us fix ai, for example, ai = 0, we can draw 
Fig.l and Fig.2 to show the surface graphies determined 
hy9, (S z ){t) andJV(t). 



FIG. 1: Under H[2,l], (S z )^{t ) = - cos (2T) cos (20i), 
AT^(t) = - cos 2 (2T) cos 2 (20i)/2 (ai = 0, T = 2# 2 ). 



FIG. 3: Under #[1,2], (5 2 >^, (+) (i) = 1 + sin 2 (2T + 20 2 ), 
iN^ (+) (t) = Vsin 2 (2T + 20 2 )/2 (aa = 0, T = 2/i). 





F IG. 2: Under # [2,2], (S,)y,(t) = - cos (2T - 20i), N^(t) = 
Vsin 2 (2T-20i)/2 (ai = 0, T = 2/ 2 ). 



When the initial state is taken as 

|0) = sin<9 2 |01) ±cos6» 2 |10}, (28) 
its negativity reads 

m)-\\/((S 2 Kt)-lf- (29) 

It is both formally invariant and numerical conserved 
only under H [2] (/103 = ^30), or only invariant in form 
under #[1, 2]. Here, we have defined that 

H[l,l] = \j x (<T 3 ® (T + cr O CT3) 

+51 (o"l (g) Cl + (72 ® CT 2 ) + /li<7 3 (g) (73,(30) 
#[1, 2] = ^w 2 (0-3 ® CT + cr (g) cr 3 ) 

+/l (o"i ® ct 2 - er 2 ® Oj.) + ft,i(T3 (g) 03.(31) 

Fig.3 and Fig.4 show the surface graphies determined by 
9, {S 2 )(t) and N^±)(t) under #[1,2]. 

Similarly, we can obtain the invariance of the relations 
between the entanglement and observables for the follow- 



3 X 

FIG. 4: Under #[1,2], (S 2 )^-)^) = 1 + sin 2 (2T - 20 2 ), 
iN^ ( _)(t) = ^sin 2 (2T-20 2 )/2 (q 2 = tt, T = 2/i). 

ing six kinds of mixed states at the initial time 



pf(0) 


= sin 2 ^ 


?|00><00| 


4- cos 2 f 




(32) 




= sm 2 t 
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(33) 
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(37) 



They are separable, but they will become entangled after 
the finite time évolution. Actually, thèse mixed states 
can be thought of as the reduced density matrix from 
the compound Systems initially with entanglement. For 
example, the state (sin0|OO) + cos0|ll))®|lO) has entan- 
glement between the first and second qubits. To partially 
trace qubits 2 and 4, we will get pf / (0) made of qubits 
1 and 3, or partially trace qubits 1 and 3, we will get 
pf f (0) made of qubits 2 and 4, and so on. This implies 
that our methods and following discussions can be simi- 
larly used to the cases of entanglement transfer and with 
the environment-system interactions Q . 

Obviously, N p u under both #[2,1] and #[2,2], N p u 
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under H[l, 2] are, respectively, 

N p M(t) = \V(S z )(Or-(S z )(ty, (38) 
N p¥ (t) = y((S*)(t)-l) 2 . (39) 

Whilc, under H[l,2] 

N pr {t) = yJ(S z ) 2 (t) + ((S 2 Ut) + (S z Ut)-lf 

+ {Sz)i(t), (40) 

N pf it) = ^{S z ) 2 {t) + {{S 2 ) 1 {t)-{S z ) 1 {t)-lf 

-{Sz)M (41) 

and under both H[2, 1] and H[2, 2], 

N p m (t) = ^(2-(S 2 ) k (t)f + ((S 2 ) k (t)-l) 2 (S z )t(t) 

+ (S 2 ) l (t)-2, (42) 

where, i = 3,4, j = 5, 6 and k = 3,4,5,6. The surface 
figures determined by S z , S 2 and N are Figs. 5-8 




FIG. 5: Under #[1,2], (S a )i(t) = -cos 2 ^, 
(S 2 )^) = [3 + cos(2ft) - (-l) I sin(2T)sin 2 É» I ] /2, 

iV p Af (t) = ,/cos 4 6»i +sin 2 (2T)sin 4 0; - cos 2 & (i = 3,4 
and T = 2/ 2 ). 

In summary, we propose a gênerai scheme to seek for 
the relations between entanglement and observables in 
principle, and we find and verify such relations for the 
given state sets in two-qubits System, that is, entangle- 
ment is expressed as the function of observables. In ad- 
dition, our methods can be similarly used to the cases of 
entanglement transfer as well as with the environment- 
system interaction. Because, Hamiltonian can be ex- 
pressed by the involved observables, our conclusions have 
implied the relation between entanglement and energy. 
Moreover, our conclusions are more determined relations 
than those derived out by only considering energy. Then 
we obtain what Hamiltonian will keep their invariance in 
form with time évolution. This is required to think that 
entanglement is observable from our point of view. More 




FIG. 6: Under #[1,2], (S s )j(t) = sin 2 <9,, {S 2 )j(t) = 
[3 - cos(20j) - (-I)' sin(2T) cos 2 6j] /2, N pM (t) = 

^sin 4 0j + sin 2 (2T) cos 4 0~ - sin 2 9 3 (j =5,6, T = 2 fat). 




FIG. 7: Under #[2,1], (S z )j(t)= - cos(2r) sin 2 Oj, {S 2 ) l {t) = 
[3 + cos(20i)] /2, N pM (t) = v/sin 4 0t + sin 2 (2T) cos 4 Bi - 
sm 2 6>; (i = 3,4, T= 2 fat). 

important and interesting thing in such a claim is that 
we demonstratc and illustrate that the entanglement can 
be expressed as the functions of a set of commutable ob- 
servables S 2 and S z for eight kinds of initial state sets in 
two-qubit Systems. As well-known, the involved observ- 
able should be measurable at the same time. Actually, 
this means that entanglement can be measured by exper- 
iment in thèse state sets. We expect it will be true in the 
near future. 
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by the National Natural Science Foundation of China 
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